nonhydrostatic modeling has been tentative. This is likely due to technical issues such as 30 the inability to represent negative static stability in ! coordinates, and that isentropic 31 surfaces become very irregular in fine-scale turbulent flow, making them unsuitable as 32 grid meshes. Toy and Randall (2009, hereafter TR09) developed a nonhydrostatic finite 33 difference model that addresses these problems. It is based on the hybrid isentropic-34 sigma coordinate of Konor and Arakawa (1997) and incorporates an adaptive grid 35 algorithm that allows coordinate surfaces to deviate from their target isentropes to 36 maintain a sufficiently smooth mesh while allowing turbulence to develop. In this paper 37
we demonstrate that the adaptive grid technique works well for simulating the three-38 dimensional development of a convective storm. Eulerian coordinate systems such as 39 geopotential height or hydrostatic pressure (Laprise 1992 In Toy (2011) , the model developed in TR09 was extended to include moist 46 processes and condensational heating. Two-dimensional test cases were presented as first 47 steps toward the development of a 3D cloud-resolving model. This paper describes the 48 latest advances made to the model: the inclusion of a semi-implicit time-differencing 49 scheme to relax the time-step constraint for vertically propagating acoustic waves, and 50 the addition of a simple (Kessler) microphysics parameterization. These were necessary 51 steps toward representing convective storm dynamics within the hybrid isentropic-sigma 52 vertical coordinate framework. 53
Numerical models based on the fully compressible, nonhydrostatic Euler 54 equations of motion require special handling of the acoustic modes to make it 55 economically feasible to provide simulations of meteorological relevance. Due to their 56 large propagation speeds, sound waves limit the time step size that can be taken with 57 explicit time-differencing schemes due to numerical instability, often by an order of 58 magnitude compared to the limitations of gravity-wave modes and advection. In NWP 59
and cloud-resolving models, the vertical grid spacing is typically smaller than that of the 60 horizontal, so the vertically propagating acoustic modes are the limiting factor in 61 determining the time step. 62
Methods to overcome the time-step limitation of acoustic modes have been 63 extensively described in the literature. These typically involve semi-implicit methods 64 and split-explicit methods (e.g., Klemp The model is based on the compressible, nonhydrostatic Euler equations in a generalized 93 vertical coordinate (") described in TR09. In Toy (2011, hereafter T11) moisture was 94 introduced to the model, but for simplicity, the virtual temperature and condensate 95 loading effects were neglected. This was done to simplify the analysis of the effects of 96 incorporating latent heat release on the behavior of !-coordinate model surfaces. In the 97 current version of the model, the mass of moisture species is included, giving a more 98 realistic representation of the effects of moisture on buoyancy. This subsection presents 99 the governing equations with the updated moisture representation. 100
The ideal gas law is given by 101
where p is the pressure, # d is the dry air density, R d is the gas constant of dry air, T is 103 temperature, q v is the mixing ratio of water vapor, and $ ! R d /R v , where R v is the gas 104 constant of water vapor. 105
The horizontal momentum equation is 106
107 where v is the horizontal velocity, f is the Coriolis parameter, k is the vertical unit vector, 108 z is the geopotential height, F is the horizontal friction force, " is the horizontal gradient 109 operator evaluated on constant-" surfaces, and q T = q v + q c + q r is the total water mixing 110 ratio, where q c and q r are the cloud water and rain water mixing ratios, respectively. The 111 
The potential temperature is given by 116
Note that the product of ! and the coefficient (1+ q v /$)/(1+q T ) on the rhs of (2) is the 118 density potential temperature ! # (Emanuel 1994, p. 161) , which includes the effect of 119 condensate loading on the moist air density. In (2), the material time derivative operator 120 in " coordinates is given by 121 
125 where w is the vertical velocity, g is gravity and F z is the vertical component of the 126 friction force. 127
The prognostic geopotential height equation is written as 128
The thermodynamic energy equation is written in terms of the potential 130 temperature as 131
where Q is the diabatic heating rate, which includes condensational heating. 133
Finally, the mass continuity equation for dry air is given by 134
b. Review of the vertical coordinate and adaptive grid technique 136
The hybrid vertical coordinate " is specified as a function of ! and %, a terrain-following, 137
, where z S is the surface 138 height, and z T is the model top height. The function is written as 139
where f and g are chosen such that 141
In the model, we use 143
144 and 145
where ! min is a suitably chosen parameter representing a lower bound of the potential 147 temperature, and r is a constant greater than one. 148
As described in TR09 and T11, an adaptive vertical grid algorithm allows the 149 potential temperature to deviate from its target value as the flow becomes turbulent, static 150 stability becomes negative, or when latent heat is released due to condensation. As a 151 result, the relationship " = F (! ,% ) is not always maintained. The grid-smoothing 152 algorithm prescribes a vertical mass flux to reposition coordinate surfaces whenever any 153 of three metric parameters -%" 4 z%, %" 2 z%, and %' 2 z/' z% -exceed the given thresholds 154 (" 4 z) max , (" 2 z) max , and (' 2 z/' z) max , respectively. Note that " is the horizontal gradient 155 operator evaluated on constant-" surfaces. The first two parameters limit horizontal 156 variations in the coordinate height, keeping coordinate surfaces from becoming too steep 157 and preventing them from becoming too irregular. The third parameter, defined as 158 
c. Vertically propagating acoustic modes in isentropic coordinates 169
Here we analyze the linearized governing equations in isentropic coordinates, i.e., for 170 " = !, to determine which terms contribute to the vertical propagation of acoustic modes. 171
Treating these terms implicitly in the discrete model then allows for numerical stability 172 with respect to the acoustic modes. In the appendix, we show how to apply the semi-173 implicit method to the general case of hybrid coordinates such that the scheme reverts to 174 the standard %-coordinate method for " = % (e.g., Klemp et al. 2007) . 175
Since we are considering only the vertical propagation of acoustic modes, the 176 analysis is simplified by examining the 1D (in height) system of compressible Euler 177 equations in isentropic vertical coordinates. The equations are linearized about a 178 motionless, isothermal, hydrostatic basic state and adiabatic, frictionless conditions are 179 assumed. The resulting system consists of two prognostic equations for the vertical 180 velocity and geopotential height: 181
182 which corresponds to (6), and 183
184 which corresponds to (7), and a diagnostic equation for pressure, written as 185 Now we assume wavelike solutions of the form 203
where l is the vertical wave number, ( is the frequency, and the variables with hats are 205 the complex amplitudes. After substituting (18) in (16), the prognostic equations (14) 206 and (16) become 207
and 209
The eigensolution to (20) and (21) gives the dispersion relation for the internal modes as 211
212 which is the frequency of the vertical acoustic modes. 213
In view of the linearized prognostic equations (13) and (14), which were the 214 starting point of the above analysis, the terms of the nonlinear equations which are 215 responsible for the vertically propagating acoustic modes are the vertical pressure 216 gradient term on the rhs of the vertical momentum equation (6), and the vertical velocity 217 term w on the rhs of the geopotential height prediction equation (7). These are the terms 218 that need to be treated implicitly in isentropic coordinates to relax the time-step constraint 219 for vertically propagating acoustic waves. It should be noted that Klemp et al. (2007) , 220 through a similar normal mode analysis to ours, identified the same two terms as being 221 responsible for the acoustic modes, except in another moving vertical coordinate system 222 -the hydrostatic pressure vertical coordinate (Laprise 1992 ). This should be expected 223 since mass-based coordinates, such as hydrostatic pressure, are vertically quasi-224
Lagrangian under the 1D constraint since the cross-coordinate mass flux is zero (because 225 there can be no horizontal divergence). Therefore, the movement of mass-based 226 coordinate surfaces due to the vertical propagation of acoustic waves is the same as that 227 of isentropic coordinates. 228
d. Semi-implicit time differencing in the isentropic-coordinate domain 229
In the isentropic-coordinate domain of the model, the time-discrete vertical 230 momentum and geopotential height prediction equations are written as 231
and 233
234 where (t is the time step, n is the time step index, ) is a weighting coefficient, and the 235 superscript AB3 refers to terms treated explicitly with the third-order Adams-Bashforth 236 scheme. Note that for ) = 0.5, the scheme is trapezoidal. In the model we use ) = 0.55. 237
In Eulerian-coordinate models that use semi-implicit schemes, the equations are 238 often recast using prognostic variables expressed as perturbations from their values at 239 time step n, and a linearized form of the ideal gas law is used (e.g., Klemp et al. 2007) . 240
In the vertically discrete system, this results in a tridiagonal system with constant 241 coefficients for each model column, which is readily solved. The vertically discrete 242 !-coordinate system involving (23) and (24) also results in a tridiagonal system. In the 243 current model, we chose to solve the nonlinear system with the equations in their original 244 form using an iterative Newton's method. The system converges reasonably quickly to 245 within round-off error after 3-5 iterations. Alternatively, one could choose to recast the 246 !-coordinate equations in terms of perturbation variables to avoid the iterative procedure. 247
One-dimensional tests with the time-differencing scheme demonstrated that there 248 was no time step limitation due to vertically propagating acoustic modes. In addition, we 249 were able to rerun the 2D mountain wave experiment documented in TR09 with a time 250 step an order of magnitude larger than before, commensurate with the grid aspect ratio. 251
Horizontal acoustic wave propagation is now the current limitation, which can be 252 overcome with a split-explicit time-integration method to be implemented in a future 253 version of the model. The models are initialized with a horizontally homogeneous atmosphere using the 280 sounding of Weisman and Klemp (1982, hereafter WK82) in which the water vapor 281 mixing ratio near the surface is 14 g kg -1 . This sounding was also used in WK84 in their 282 study of the effect of directionally varying wind shear on storm development. The profile 283 provides a buoyant energy (CAPE) of ~2200 m 2 s -2 , which is in the moderate range for 284 severe convective storm environments (WK84). The wind is initialized with a quarter-285 circle shear profile (e.g., WR00) as shown in Fig. 1 . This shear profile is conducive to 286 storm splitting, with favored growth of the right-moving cell. The storm is triggered with 287 an axially symmetric thermal perturbation with horizontal and vertical radii of 10 km and 288 1.4 km, respectively. The temperature excess is ~2.5 K specified at the center of the 289 thermal at a height of 1.4 km. 290 Figure 1 shows the initial vertical profile of the hybrid-coordinate (") in relation 291 to the initial ! profile. The hybrid-coordinate parameters defined in (10)- (12) are 292 ! min = 280 K and r = 16, and at the initial condition, the vertical coordinate " and 293 F (! ,% ) are equal. In the lowest ~1 km, the coordinate is mainly a function of z, while 294 above ~4 km, the coordinate is isentropic. 295
The smoothing threshold parameters associated with the adaptive grid algorithm 296 described in subsection 2b are set to (" increases the degree of horizontal grid smoothing and reduces the maximum slope of 300 coordinate surfaces. We found that excessive sloping affected numerical stability and 301 caused the requirement of a smaller time step. As described in T09 and T11, the choice 302 of the smoothing parameters affects the degree to which the hybrid-coordinate is quasi-303
Lagrangian. With lower thresholds, more coordinate smoothing occurs, and the cross-304 coordinate mass flux tends to be greater. In our experience with the model so far, the 305 smoothing parameters have not needed to be adjusted significantly from one experiment 306 to the other. We hope that this will continue to be the case as the model is used in more 307 extensive 3D simulations. The evolution of the storm's spatial structure is very similar between the three 334 simulations, with the initial cell splitting and the right-moving updraft becoming 335 dominant, consistent with the quarter-circle shear profile results of WR00. The low-level 336 structure of the right-moving cell at t = 80 min is shown in Fig. 3 . The rain water mixing 337 ratio at 1 km AGL shows a typical hook-like feature on the southwest flank of the storm, 338 which corresponds to hook echoes often observed by radar, and are sometimes indicative 339 of tornadic development (see Weisman and Klemp 1986) . The updraft at 1 km AGL is 340 centered within the curve of the hook feature, and the downdraft is colocated with the 341 rain shaft. 342 Lagrangian coordinate surfaces with their movement due to the flow generated by the 357 supercell storm. The x-z plane is located 6 km south of the centerline of the domain, and 358 the right-moving storm cell passes through it as it develops. Model levels and isentropic 359 surfaces are shown, as well as the precipitation field. At t = 65 min (Fig. 5a ) the right-360 moving cell is fully developed. A characteristic feature, referred to as a Bounded Weak 361
Echo Region (BWER) (Weisman and Klemp 1986) , is seen in the rain water mixing ratio 362 field at the 4-7 km height, just below the precipitation maximum. The location of the 363 BWER coincides with that of the updraft. Model coordinate surfaces bulge upward in the 364 vicinity of the storm cell since they tend to follow the upward flow in a quasi-Lagrangian 365 manner. Note that the latent heating within the cloud has caused these model surfaces to 366 deviate from their target isentropes (see T11). Due to the coordinate smoothing 367 algorithm, the coordinate surfaces deviate slightly from their target isentropes within the 368 gravity wave above the storm cell. At t = 120 min (Fig. 5b ) the cell has moved out of the 369 plane and the flow is returning to a more undisturbed state. In the meantime, the 370 coordinate surfaces have almost returned to their target isentropes through a Newtonian 371 relaxation process described in TR09 and T11. 372
In Fig. 6 the benefit of using the hybrid vertical coordinate is shown by 373 comparing the vertical cross-coordinate mass fluxes between the hybrid-coordinate and 374 Eulerian *-coordinate frameworks. The figure shows vertical cross sections through the 375 fully developed right-moving cell at t = 65 min. The largest mass flux corresponds to the 376 updraft core located at x + 52 km. In the case of the hybrid coordinate, the default 377 vertical mass flux is generally zero above ~4 km, where the coordinate is quasi-378
Lagrangian, but the adaptive grid algorithm serves to mimic an Eulerian coordinate by 379 prescribing an upward mass flux to keep the coordinate surfaces reasonably smooth and 380 evenly spaced. Accordingly, the mass fluxes in the updraft core are comparable in both 381 coordinate systems. However, in the environmental air upstream of the convective tower 382 (i.e., 10 < x < 40 km) above ~4 km, the cross-coordinate mass flux is about an order of 383 magnitude smaller with the hybrid-coordinate than with the % coordinate (note the log 384 scale in Fig. 6 ). Above ~15 km the mass flux is virtually zero for the hybrid-coordinate, 385 except directly above and downstream of the storm cell where the adaptive grid algorithm 386 smoothes the coordinate surfaces in the presence of the high-amplitude gravity waves 387 (see Fig. 5a ). Owing to the reduced vertical mass fluxes with the hybrid coordinate, we 388 In the case of the hybrid vertical coordinate, we combine (23), (24), (A1) and 448 (A2), and in the semi-implicit terms, we substitute ! ! with ! ! " , which is the contribution 449 to the generalized vertical velocity ! ! due to % in the hybrid-coordinate. To derive an 450 expression for ! ! " , we review the breakdown of the generalized vertical velocity into 451 separate components in the model, as described in TR09 and T11. The generalized 452 vertical velocity is written as 453
where ! ! T is the "target seeking" contribution to ! ! that maintains F (! ,% ), given by (10), 455 at (or relaxes it toward) its target value of ", and ! ! S is the "smoothing" vertical velocity 456 prescribed by the grid smoothing algorithm. The "target seeking" contribution is written 457 as 458 Note that the hybrid coordinate is isentropic above ~ 4 km. Wind hodograph is overlaid 593 with dots placed at 1 km intervals in height from the surface up to 6 km. Winds are 594 constant above 6 km. 595 596
